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Section I 

10 marks  
Attempt Questions 1-10 
Allow about 15 minutes for this section 
 
Use the multiple-choice answer sheet for Questions 1 to 10. 
 

1 For the ellipse with the equation 
௫మ

ଵ଺
൅ ௬మ

ଶହ
ൌ 1.  What is the eccentricity of the ellipse? 

 

(A)   
ଽ

ଶହ
 

(B)    
ଷ

ହ
     

(C)    
ଵ

ହ
    

(D)   
ଵ

√ହ
 

 
 
2 If ݓ ൌ √3ሺcos ߨ ൅ ݅ sin  :ସ is equal toݓ  then	ሻ,ߨ

 
(A)   െ9    

(B)     9 

(C)     81 

(D)    െ81  
 
 

3 The polynomial ܲሺݖሻ ൌ ଷݖ ൅ ሺ1 ൅ ݅ሻݖଶ ൅ ሺ1 ൅ ݅ሻݖ ൅ 1 has a real zero ݖ ൌ െ1 and a complex zero 
ݖ ൌ  :The third root is .ߙ
 

(A)   
ଵ

ఈ
    

(B)    ߙത   

(C)    െߙ 

(D)   1 െ   ߙ
 

 
 

4 What is the multiplicity of the root ݔ ൌ 1 of the equation 3ݔହ െ ସݔ5 ൅ ݔ5 െ 3 ൌ 0? 
 
(A)   1 

(B)   2 

(C)   3 

(D)   4 
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 ?are two complex numbers. Which of the following statements is ALWAYS TRUE ݓ and ݖ 5
 

(A)    |ݖ ൅ |ݓ ൒ ݖ| െ    |ݓ

(B)   |ݖ ൅ |ݓ ൑ ݖ| െ   |ݓ

(C)  |ݖ| െ |ݓ| ൒ ݖ| ൅  |ݓ

(D)    |ݖ| ൅ |ݓ| ൒ ݖ| െ  |ݓ

 

6 The polynomial ܲሺݔሻ ൌ ସݔ ൅ ଷݔܽ ൅ ଶݔܾ ൅ ݔܿ ൅ ݀ has real coeffiecients and ܲሺ2݅ሻ ൌ ܲሺ2 ൅ ݅ሻ ൌ 0.	

What is the value of  ܽ ൅ ܾ ൅ ܿ ൅ ݀? 

(A)    0       

(B)  6 

(C)  9 

(D)  49 

 

7 The diagram below shows the hyperbola 
௫మ

௔మ
െ ௬మ

௕మ
ൌ 1  where  ܽ ൐ ܾ ൐ 0.  

The points ܲሺܽ	ܿ݁ݏ ߠ , ܾ tan ሻ and ܳሺܽߠ sec ߙ , ܾ tan  ܳܲ ሻ lie on the hyperbola and the chordߙ

subtends a right angle at the origin. 

 

  
Which of the following is true? 
 

(A)   tan ߠ tanߙ ൌ െ 
௔మ

௕మ
  

(B)   tan ߠ tanߙ ൌ 
௔మ

௕మ
  

(C)   sin ߠ sin ߙ ൌ െ 
௔మ

௕మ
 

(D)    sin ߠ sin ߙ ൌ 
௔మ

௕మ
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8 If ݔଶ ൅ ݕݔ3 ൌ  ଶ, which of the following is an expresion forݕ5
ௗ௬

ௗ௫
?  

 

(A)   
ଶ௫ାଷ௬

ଵ଴௬ିଷ௫
   

(B)    
ଶ௫

ଵ଴௬ିଽ௫௬
 

(C)    
ଶ௫ାଷ௬

ඥହሺ௫మାଷ௫௬ሻ
    

(D)   
ଶ௫ାଷ௬

ଵ଴௬
   

9 Seven travellers arrive in a town where there are 4 hotels. If two of the travellers want to stay in the 
same hotel, how many different accommodation arrangements are there? 
 

(A)  
଺!

ଶ!ଶ!
ൈ 2  

(B)    
଻!

ଶ!ଶ!ଶ!
ൈ 2	 

(C)    4଺ ൈ 2	 

(D)    4଺ 

10 The graph shows a part of the hyperbola ݕݔ ൌ ܿଶ	 

 
Which pair of parametric equations precisely describes the sections of the hyperbola shown? 

(A)  ݔ ൌ ܿሺݐଶ ൅ 1ሻ, ݕ ൌ ௖

௧మାଵ
 

 

(B) 
   

ݔ ൌ ܿሺ1 െ ,ଶሻݐ ݕ ൌ ௖

ଵି௧మ
 

(C)    ݔ ൌ ܿ√1 െ ,ଶݐ ݕ ൌ ௖

√ଵି௧మ
    

(D)   ݔ ൌ ܿ sin ݐ , ݕ ൌ ௖

ୱ୧୬ ௧
 

 

End of Section I 
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Section II 

90 marks  
Attempt questions 11 -14 
Allow about 1 hours 45 minutes for this section 
 
Answer each question on the appropriate page of your answer booklet 
In Questions 11–14, your responses should include relevant mathematical reasoning and/or calculations. 
 
 

Question 11    (15 marks)  
 

Marks

(a) Let ݖ ൌ 2 ൅ ݅  and ݓ ൌ ݅ െ 1. Find, in the form ݔ ൅  :ݕ݅
 
(i) 3ݖ ൅  ݓ݅

(ii) ݓݖഥ  

 
 
1 

2 

(b) (i)  Express √3 ൅ ݅ in modulus argument form. 

(ii) If ݖ ൌ √3 ൅ ݅,	hence show that ݖ଻ ൅ ݖ64 ൌ 0. 

1 

2 

(c) Consider the hyperbola with the equation 
௫మ

ଵ଺
െ ௬మ

ଽ
ൌ 1. 

(i) Find the eccentricity of the hyperbola. 

(ii) Find the coordinates of the foci and the ݔ-intercepts. 

(iii) Find the equations of the directrices and the equations of the asymptotes. 

 

 

 

1 

2 

2 

(d) Sketch the region in the complex plane where the inequalities 
ݖ|  ൅ |̅ݖ ൑ 1  and |ݖ െ ݅| ൑ 1 hold simultaneously. 
 
 

2 

(e) Let ߱ be one of the complex roots of the equation ݖଷ െ 64 ൌ 0. 
 
(i)  Show that ߱ଶ ൌ െ4ሺ߱ ൅ 4ሻ. 
 
(ii)  Hence evaluate ሺ߱ ൅ 4ሻଷ. 
 
 

 
 
1 
 
1 

 End of Question 11  
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Question 12    (15 marks)  
 

Marks 

(a) The roots of ݔଷ ൅ ଶݔ6 ൅ ݔ5 െ 2 ൌ 0  are ߙ,  .ߛ and ߚ

(i)  Find the monic polynomial with roots ߙଶ,  .ଶߛ ଶ andߚ

(ii) Find the value of ߙଷ ൅ ଷߚ ൅  .ଷߛ

 

2 

3 

(b) Find a possible polynomial equation ܲሺݔሻ, of smallest degree that satisfies the following 
conditions: 
 
 The polynomial ܲሺݔሻ has rational coefficients. 

 Two of its roots are 1 ൅ √5 and −6i.  

 When ݕ ൌ ܲሺݔሻ is drawn on a Cartesian plane, there are four ݔ-intercepts. 
 

3 

(c) A complex number ߱ is such that |߱| ൌ 1. 

If ݖ ൌ ଵାఠ

ଵିఠ
,  find the locus of ݖ as ߱ moves on the complex number plane.  

 

 
2 

(d) The point ܲ lies on the ellipse 
௫మ

௔మ
൅ ௬మ

௕మ
ൌ 1, where ܽ ൐ ܾ

The chord  through ܲ and the focus ܵሺܽ݁, 0ሻ meets the ellipse again at ܳ.  
The tangents to the ellipse at ܲ and ܳ meet at the point ܶሺݔ଴,  .଴ሻݕ

The equation of  ܲܳ is 
௫௫బ
௔మ

൅ ௬௬బ
௕మ

ൌ 1. [DO NOT PROVE THIS] 

 
 

(i) Show that ܶ lies on the directrix. 

The point ܲ is now chosen so that ܶ lies on the ݔ-axis. 

(ii) What is the value of the ratio ܲܵ: ܵܶ? 

(iii) Show that ∠ܲܶܳ is acute.  

(iv) Show that the area of the triangle ܲܳܶ is ܾଶ ቀଵ
௘
െ ݁ቁ. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 

 
 
 
1 
 
1 
 
2 
 
 

 End of Question 12  
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 Solutions Mks Comments 
1 ܾଶ ൌ ܽଶሺ1 െ ݁ଶሻ 

16 ൌ 25ሺ݁ଶ െ 1ሻ 

݁ ൌ
3
5

 
1 B 

ସݓ 2 ൌ √3
ସ
ሺ4ݏ݅ܿ ൈ  ሻߨ

ସݓ ൌ ݏ9ܿ݅  ߨ4
ସݓ ൌ ݏ9ܿ݅ 0 
ସݓ ൌ 9 

1 B 

3 Let the roots be ߙ, ,ߚ െ1 

Product of roots ൌ െ
௕

௔
 

ߙ ൈ ߚ ൈ െ1 ൌ െ1 

ߚ ൌ
1
ߙ

 

1 A 

ሻݔሺܲ	ݐ݁ܮ 4 ൌ ହݔ3 െ ସݔ5 ൅ ݔ5 െ 3 
ܲሺ1ሻ ൌ 0 
ܲᇱሺݔሻ ൌ ସݔ15 െ ଷݔ20 ൅ 5 
ܲᇱሺ1ሻ ൌ 0 
ܲᇱᇱሺݔሻ ൌ ଷݔ60 െ  ଶݔ60
ܲᇱᇱሺ1ሻ ൌ 5 
ܲᇱᇱᇱሺݔሻ ൌ ଶݔ180 െ  ݔ120
ܲᇱᇱᇱሺ1ሻ ൌ 60 
∴ ܲሺݔሻ has multiplicity 3 

1 C 

5 Triangular inequality 
 

1 D 
6 The roots are 2݅, െ2݅, 2 ൅ ݅, 2 െ ݅ 

 
ܲሺݔሻ ൌ ሺݔଶ ൅ 4ሻሺݔଶ െ ݔ4 ൅ 5ሻ	
ܲሺݔሻ ൌ ସݔ െ ଷݔ4 ൅ ଶݔ9 െ ݔ16 ൅ 20 
ܽ ൅ ܾ ൅ ܿ ൅ ݀ ൌ െ4 ൅ 9 െ 16 ൅ 20 

ൌ 9 

1 C 

7 
݉ை௉ ൌ

ܾ tan ߠ
ܽ sec ߠ

 ݉ைொ ൌ
ܾ tan ߙ
ܽ sec ߙ

 

݉ை௉ ൈ ݉ைொ ൌ െ1 
ܾ tan ߠ
ܽ sec ߠ

ൈ
ܾ tan ߙ
ܽ sec ߙ

ൌ െ1 

cosଶ ߠ
cosଶ ߠ

ൈ
ܾଶ tan ߠ
ܽଶ sec ߠ

ൈ
tan ߙ
sec ߙ

ൌ െ1 

sin ߠ sin ߙ ൌ െ
ܽଶ

ܾଶ
 

1 C 

8 Derive both side implicitly: 

ݔ2 ൅ ൬3 ൈ ݕ ൅
ݕ݀
ݔ݀

ൈ ൰ݔ3 ൌ ݕ10 ൈ
ݕ݀
ݔ݀

 

ݔ2 ൅ ݕ3 ൌ
ݕ݀
ݔ݀

ሺ10ݕ െ  ሻݔ3

ݕ݀
ݔ݀

ൌ
ݔ2 ൅ ݕ3
ݕ10 െ ݔ3

 

 

1 A 

9 If two particular people are together, then there are 6 entities,  
ie ሺܤܣሻܩܨܧܦܥ.	
 will have 4 rooms to choose from (ܤܣ)
  will have 4 rooms to choose from ܥ
… 
  will have 4 rooms to choose from ܩ
∴		there are 4଺	ways to place 6 entities.   

1 D 



 
10 

11a(

11a(

11b(

11b(

11c(

11c(

11c(

11d 

11e(

Solutio
(A
(B)
(C)
(D

(i) 

(ii) 

(i) 

 
(ii) 

 

 

(i) 

(ii) 
 

(iii) Directr

Eqn of

(i) 

Since ߱

ons 
) False as ݔ i
) False as ݐ →
) False as ݔ i
) True as െ1

ie െܿ ൑ ݔ
 

ricies: 

f asymptote: 

ݖ| ൅ |	̅ݖ ൑
|ݔ2| ൑ 1 

െ
1
2
൑ ݔ ൑

߱ is a compl

is positive, a
→ ∞, ݔ → െ
is positive, a
1 ൑ sin ݐ ൑ 1
െ ordinate

3ሺ2 ൅ ݅ሻ

ሺ2 ൅

ݖ ൌ

଻ݖ

଺ݖ ൌ

଻ݖ

ݔ

-ݔ

1 

1
2

 

 

ሺ߱ െ
ex root so ߱

and there are 
∞ 

and there are 
1, െܿ ൑ ܿ sin
൑ ܿ 

൅ ݅ሺ݅ െ 1ሻ ൌ
ൌ

൅ ݅ሻሺെ1 െ ݅ሻ

2 ቂcos ቀ
ߨ
6
ቁ ൅

െ ݖ64 ൌ ሺݖ

ൌ 2଺ ൬cos
ߨ6
6

଺ݖ ൌ 6

െ ݖ64 ൌ ሺݖ
ൌ 0

9 ൌ െ16ሺ1

݁ ൌ
5
4

 

∴ ݅ܿ݋݂ ݁ݎܽ

ݔ െ int	when
ଶݔ

16
ൌ

-intercepts ar

ݔ ൌ േ
1

ݕ ൌ േ
3
4

߱
4ሻሺ߱ଶ ൅ 4߱
് 4 
߱ଶ ൅ 4߱ ൅
߱ଶ ൌ െ4߱
߱ଶ ൌ െ4ሺ߱

 ordiantes-ݔ

 ordiantes-ݔ
n ݐ ൑ ܿ,  

ൌ 6 ൅ 3݅ െ 1
ൌ 5 ൅ 2݅ 
ൌ െ1 െ 3݅

൅ ݅ sin ቀ
ߨ
6
ቁቃ

ሺݖ଺ െ 64ሻ 

ߨ
൅݅  sin

ߨ6
6
൰

64	 

ሺ64 െ 64ሻ 

െ ݁ଶሻ

ሺേ5,0ሻ 

n	ݕ ൌ 0 

1 

re ሺേ4,0ሻ 

16
5

 

3
4
 ݔ

߱ଷ െ 64 ൌ 0
߱ ൅ 16ሻ ൌ 0

16 ൌ 0 
߱ െ 16 
߱ ൅ 4ሻ 

that are nega

that are nega

1 െ ݅ 

 

0 
0 
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ative 
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  co
with 
of the

1 
1 ma
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 Solutions Mks Comments 
11e(ii) 

ሺ߱ ൅ 4ሻଷ ൌ ቆ
߱ଶ

െ4
ቇ
ଷ

ൌ
ሺ߱ଷሻଶ

െ64
	

ൌ
ሺ64ሻଶ

െ64
	

ൌ െ64 

1 

1 mark 
  correct solution. 
 

12a(i) Let ܣ ൌ ݔ	where	ଶ,ݔ ൌ ,ߙ  ߛ	and	ߚ

ݔ ൌ  ܣ√

ܣ√
ଷ
൅ ܣ√6

ଶ
൅ ܣ√5 െ 2 ൌ 0 

ܣ√ܣ ൅ ܣ√5 ൌ 2 െ  ܣ6
Square both sides 

ܣሺܣ ൅ 5ሻଶ ൌ ሺ2 െ  ሻଶܣ6
ଷܣ െ ଶܣ26 ൅ ܣ49 െ 4 ൌ 0 
∴ ଷݔ െ ଶݔ26 ൅ ݔ49 െ 4 ൌ 0 

 

2 

2 mark 
  correct solution. 
1 mark 
  substitutes ܣ√ݔ 
 

12a(ii) ߙଷ ൅ ଶߙ6 ൅ ߙ5 െ 2 ൌ 0 

ଷߚ ൅ ଶߚ6 ൅ ߚ5 െ 2 ൌ 0 

ଷߛ ൅ ଶߛ6 ൅ ߛ5 െ 2 ൌ 0	
 

ଷߙ ൅ ଷߚ ൅ ଷߛ ൅ 6ሺߙଶ ൅ ଶߚ ൅ ଶሻߛ ൅ 5ሺߙ ൅ ߚ ൅ ሻߛ െ 2 ൈ 3 ൌ 0 

ଷߙ ൅ ଷߚ ൅ ଷߛ ൅ 6ሺ26ሻ ൅ 5ሺെ6ሻ െ 2 ൈ 3 ൌ 0 

ܽଷ ൅ ଷߚ ൅ ଷߛ ൌ െ120 

3 

3 mark 
  correct solution. 
2 mark 
  significant progress 
to finding  

ଷߙ ൅ ଷߚ ൅  ଷߛ
1 mark 
  Finds ߙଶ ൅ ଶߚ ൅  ଶߛ
and ߙ ൅ ߚ ൅   ߛ
  Forms a polynomial 
with ߙଶ, ଶߚ and  ଶߛ

12b If the polynomial has rational coefficients, then the roots must be  
െ6݅, 6݅, 1 ൅ √5, 1 െ √5  
 
As the equation 	
ሺݔଶ ൅ 36ሻሺݔଶ െ ݔ2 െ 4ሻ	has two x-intercepts, it needs any two factors to have 4 
x intercepts. The smallest degree must be 6. 
 
A possible equation is ݔሺݔ െ 1ሻሺݔଶ ൅ 36ሻሺݔଶ െ ݔ2 െ 4ሻ 
 

3 

3 mark 
  correct solution. 
2 mark 
  Two conditions met.
1 mark 
  One condition met 

12c ݖ െ ߱ݖ ൌ 1 ൅ ߱ 

ݖ െ 1 ൌ ߱ሺ1 ൅  ሻݖ

ݖ| െ 1| ൌ |߱| ൈ |1 ൅  |ݖ

But |߱| ൌ 1 

ݖ| െ 1| ൌ ݖ| ൅ 1| 

∴ locus is ݔ ൌ 0 

2 

2 mark 
  correct solution. 
1 mark 
  eliminates ߱ 
  simplifies ݖ using 
|߱| ൌ 1 

12d (i) ܲܳ passes through ܵሺܽ݁, 0ሻ 
଴ݔ	݁ܽ
ܽଶ

൅
0 ൈ ଴ݕ
ܾଶ

ൌ 1 

∴ ଴ݔ ൌ
ܽ
݁

 

So ܶሺݔ଴, ݔ ଴ሻ lies on the directrixݕ ൌ
௔

௘
 

1 

1 mark 
  correct solution 
 



 
12d 

12d(

 
12d(

13a(

13a(

13a(

13b(

Solutio
(ii) Since ܶ

We kno

the elli
 
Since ܲ

(iii) 

 

(iv) 
Sub ݔ
 

 

 

(i) 
∠

 
∠ܲ
∴ ∠

 

(ii) ∠ܵܺܲ
 
ܻܵܲܺ 

(iii) ∠ܻܲܺ
∠ܻܲܺ
∠ܴܲܳ
∴ 	∠ܴܲ
∠ܻܲܺ
 

(i) 

Let the

 
 

ons 
ܶ is on the ݔ
ow that 

௉ௌ

௉ே
ൌ

ipse.  

ܲܵܶܰ is a re

∴
ܲ
ܵ

ൌ ܽ݁ into 
௫మ

௔మ

݁ଶ ൅
ଶݕ

ܾଶ
ൌ

ଶݕ ൌ
ܲܵଶ ൌ

Let	∠ܴܶܲ
ܴܶܲ ൌ ∠ܲܵ

ܲܵܳ ൌ ∠ܶܲ
∠ܶܲܳ ൌ ∠ܴܶ

ൌ ∠ܻܵܲ ൌ 9

is a cyclic qu

൅ ∠ܲܵܺ ൌ
ൌ 180° െ ߠ
൅ ∠ܴܲܶ ൌ
ܴܳ ൌ 180° െ
ൌ ∠ܴܲܳ ൌ

e intersection

ݔ݌ሺݔ െ
ଶݔ݌ െ ݌4

ߙ ൅ ߚ

ெݔ
ெݔ

-axis,  

ൌ ݁ by the de

ectangle, ܲܰ
ܲܵ
ܵܶ

ൌ ݁ 

 

∠ܲ

൅
௬మ

௕మ
ൌ 1 

ൌ 1	

ൌ ܾଶሺ1 െ ݁ଶሻ
ൌ ܾଶሺ1 െ ݁ଶሻ

ൌ  ߠ
ܵܳ ൌ 	ߠ

ܲܳ ൌ  ߠ
ܴܲ ൌ 	ߠ

90° (angle in

uad with ܵܲ	

180°(opposi
  ߠ
180° (angle
െ  ߠ
180° െ  ߠ

ݕ ൌ

n of the hype

ଶሻ݌4 ൌ 4 
ଶݔ െ 4 ൌ 0 

ߚ ൌ
ଶ݌4

݌
 

ൌ
݌4
2

 

ൌ  ݌2

efinition of 

ൌ ܵܶ 

tan ∠ܲܶܵ ൌ

ൌ
∠ܲܶܵ ൏

ܲܶܳ ൌ 2∠ܲܶ

ሻ	
ሻ 

 
(Exterior an
opposite an
(alternate se

 

n a semi circl

as a diamete

ite angles of 

s on a straigh

ൌ ݔ݌ െ ଶ݌4

ݕݔ ൌ 4 െ െ
rbola and the

 

ൌ
ܲܵ
ܲܶ

 

ൌ ݁ ൏ 1 
45° 
ܶܵ ൏ 90° 

ܽ݁ݎܣ Δܲ

ngle of cyclic
ngle) 
egment theor

le) 

er. 

a cyclic qua

ht line) 

െെ െ ሺ1ሻ 
െ െ ሺ2ሻ 
e parabola be

ெݕ ൌ

ெݕ
ܯ ൌ

ܲܳܶ ൌ ܲܵ ൈ

ൌ ܲܵ ൈ

ൌ
ܾଶሺ1

݁

ൌ ܾଶ ൬
1
݁

c quad = inte

rem) 

d ܻܵܲܺሻ 

e ܴሺߙ, an	ோሻݕ

ሻ݌ሺ2݌ െ ݌4

ெ ൌ െ2݌ଶ 
ൌ ሺ2݌,െ݌ଶሻ

ܵܶ
ܲܵ
݁
െ ݁ଶሻ
݁

	

െ ݁൰ 

erior 

nd ܶሺߚ, ,ሻ்ݕ

 ଶ݌

Mks Com

 

1 

1 ma
  co
 

1 

1 ma
  co
 

2 
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1 ma
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  Co
the w
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solut
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diam
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towa
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2 
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gnificant pro
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ic quad 
ates ܵܲ is a 

meter. 
ark 
orrect solutio
ark 
gnificant pro
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nds	 ݔெ 

on 

on 

on. 

ܲܵ 
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of PS. 
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ogress 
t 
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on. 
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on. 



 Solutions Mks Comments 
13b(iii) Sub	݌ ൌ

ெݔ
2

into  ݕெ 

ெݕ ൌ െ2 ൈ ቀ
ெݔ
2
ቁ
ଶ
 

∴ The locus of ܯ	lies on		ݕ ൌ െ
ଶݔ

2
 

At ሺ0,0ሻ  the tangent at ܲ does not touch the hyperbola.  
∴ ݔ ് 0 

Since ܲ and ܳ is distinct, ܲ ് ܳ 

ሺ2ሻെ→ ݕ ൌ
4
ݔ

 

sub	ሺ2ሻ → ሺ1ሻ 4
ݔ
ൌ ݔ݌ െ  ଶ݌4

ଶݔ݌ െ ݔଶ݌4 െ 4 ൌ 0 
Δ ൐ 0 

ସ݌16 െ 4 ൈ ݌ ൈ െ4 ൐ 0 
ଷ݌ሺ݌16 ൅ 1ሻ ൐ 0 

݌16 ൒ 0	or	݌ଷ ൏ െ1 

ݔ4 ൐ 0		or		
ݔ
2
൏ െ1 

ݔ ൐ 0	or		ݔ ൏ െ2 
∴ ݔ ൏ െ2 or ݔ ൐ 0 

 

3 

3 marks 
  correct solution. 
 
2 mark 
  finds any part of the 
correct restriction 
  correct inequality 
and solves. 
 
1 mark 
  finds	 the equation of 

M lies on ݕ ൌ െ
௫మ

ଶ
 

  finds 	
ଷ݌ሺ݌16 ൅ 1ሻ ൐ 0 

 
 
 

13c(i) 
ݖ ൅

1
ݖ
ൌ ݔ ൅ ݕ݅ ൅

1
ݔ ൅ ݕ݅

ൌ ݔ ൅ ݕ݅ ൅
ݔ െ ݕ݅
ଶݔ ൅ ଶݕ

	

ൌ ݔ ൅
ݔ

ଶݔ ൅ ଶݕ
൅ ݅ ൬ݕ െ

ݕ
ଶݔ ൅ ଶݕ

൰ 

1 1 mark 
  correct solution 
 

13c(ii) If ݇ is real then  

݉ܫ ൬ݖ ൅
1
ݖ
൰ ൌ 0

ݕ െ
ݕ

ଶݔ ൅ ଶݕ
ൌ 0	

ଶݔሺݕ ൅ ଶሻݕ െ ݕ ൌ 0	
ଶݔሺݕ ൅ ଶݕ െ 1ሻ ൌ 0 
ݕ ൌ 0		or ଶݔ ൅ ଶݕ ൌ 1 

1 1 mark 
  correct solution 
 

13c(iii) If	ݕ ൌ 0 

ݔ ൅
ݔ

ଶݔ ൅ 0ଶ
ൌ ݇	

ݔ ൅
1
ݔ
ൌ ݇	

ଶݔ ൅ 1 ൌ 	ݔ݇

ଶݔ െ ݔ݇ ൅ 1 ൌ 0 

Δ ൒ 0	

݇ଶ െ 4 ൒ 0	

݇ଶ ൒ 4	

|݇| ൒ 2 

 

If ଶݔ ൅ ଶݕ ൌ 1 
ݔ ൅ ݔ ൌ ݇ 

ݔ ൌ
݇
2

 

Since ݔଶ ൅ ଶݕ ൌ 1,	 
The ݔ-ordinate must be ൑ 1 

|ݔ| ൑ 1 
|݇| ൑ 2 

2 2 mark 
  correct solution. 
1 mark 
  finds one inequality 
for ݇ 
 
 



 
14a(

14a(

14a(

Solutio
(i) Differe

Equatio

Multip

 

(ii) ܩ occu

 

 
(iii) Since Δ

triangle

 

∴

 

ons 
entiating both

on of normal

ݕܾ co

ply both sides

ݕܾ co

s

urs at the ݔin

Δܲܰܩ and Δ
es and 

ܱ:ܩܱ
ܩܱ ൌ
ܩܱ ൌ

ܰܩ ൌ ܲܰ

ᇱܰᇱܩ ൌ ܲܰ
ܩ′Δܲܰ	ܽ݁ݎܣ

h sides: 

l: 

ݕ െ ܾ sin

os ߠ െ ܾଶ sin

s by ܾ cos  ߠ

os ߠ െ ܾଶ sin

sin ߠ cos ߠ ሺܽ

ܽଶ െ ܾଶ

t 
ܽ

ܱܰ ൌ ܽ c

ܩܱ
ܱܰ

ܾ

Δܲܰ′ܩ′ are si

ܱܰ ൌ ݁ଶ 
݁ଶ ൈ ܱܰ 
݁ଶ ൈ ܲܰᇱ 
ܰᇱሺ1 െ ݁ଶሻ 

ܰ ൈ ሺ1 െ ݁ଶ

:′ܩ Δܲܰ	ܽ݁ݎܣ
ൌ 1: ሺ1 െ

ݔ2
ܽଶ

൅
ݕ2
ܾଶ

ൈ
݀
݀

ݕ݀
ݔ݀

ൌ െ
ܾ
ܽ

்݉ ൌ െ
ܾ
ܽ

݉ே ൌ
ܽ
ܾ
t

n ߠ ൌ
ܽ
ܾ
tan ߠ

nߠ cos ߠ ൌ ܽ

nߠ cos ߠ ൌ ܽ

ܽଶ െ ܾଶሻ ൌ
ଶ ൌ ݔܽ sec ߠ

ܽଶ െ ܾଶ ൌ ܽ

ݔ ൌ
ܽଶ െ
ܽ se

ܩܱ ൌ
ܽଶ

ܽ s

cos ߠ 		ሺݔ െ ݋

ܩ
ܰ
ൌ
ܽଶ െ ܾଶ

ܽ sec ߠ

ଶܾ	ݐݑܾ ൌ ܽଶሺ

ܾଶ െ ܽଶ ൌ

ܩܱ
ܱܰ

ൌ
ܽଶ

ܽ
ܩܱ
ܱܰ

ൌ ݁

ܱܰ:ܩܱ ൌ

imilar 

ሻ 
ܩܰ
݁ଶሻଶ 

ݕ݀
ݔ݀

ൌ 0 

ܾଶݔ
ܽଶݕ

 

cot  ߠ

tan  ߠ

ߠ ሺݔ െ ܽ cos

ݔܽ sin ߠ െ ܽଶ

ݔܽ sin ߠ െ ܽଶ

ݔܽ sin ߠ െ ܾ

ߠ െ cosec	ݕܾ

ݔܽ sec  ߠ

െ ܾଶ

ec ߠ
 

െ ܾଶ

sec ߠ
 

݂݋	݁ݐܽ݊݅݀ݎ݋

ൈ
1

ܽ cos ߠ
 

ሺ1 െ ݁ଶሻ 

ܽଶ݁ଶ 

ଶ݁ଶ

ܽଶ
 

݁ଶ 

݁ଶ: 1 

s  ሻߠ

ଶ sin ߠ cos ߠ

ଶ sin ߠ cos ߠ

ݕܾ cos  ߠ

c	ߠ 

݂	ܲሻ 

Mks Com

2 

2 ma

  co
1 ma

  fin
 

2 

2 ma
  co
1 ma
  fin
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1 ma
  co
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ark 
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 Solutions Mks Comments 
14b(i) 

ܵܪܮ ൌ cos
ߠ
2
cos

ߠ
4
sin

ߠ
4

ൌ cos
ߠ
2
൬2 ൈ cos

ߠ
4
sin

ߠ
4
	൰ ൈ

1
2
	

ൌ cos
ߠ
2
sin

ߠ
2
ൈ 2 ൈ

1
2
ൈ
1
2
	

ൌ
1
4
sin 	ߠ

ൌ  ܵܪܴ

 

1 

1 mark 
  correct proof. 
 

14b(ii) Let ݊ ൌ 1 

LHS = sin  ߠ

ܵܪܴ ൌ 2ଵ cos
ߠ
2ଵ
sin

ߠ
2ଵ
	 

ൌ sin ߠ 		ሺdouble angle formulaሻ 

Assume true for ݊ ൌ ݇ 

sin ߠ ൌ 2௞ cos
ߠ
2
cos

ߠ
4
…	cos

ߠ
2௞
sin

ߠ
2௞
	

Prove true for ݊ ൌ ݇ ൅ 1	 

AIM: sin ߠ ൌ 2௞ାଵ cos
ఏ

ଶ
cos

ఏ

ସ
… cos

ఏ

ଶೖశభ
sin

ఏ

ଶೖశభ
 

	 

ܵܪܴ ൌ 2௞ାଵ cos
ߠ
2
cos

ߠ
4
… cos

ߠ
2௞
	cos

ߠ
2௞ାଵ

sin
ߠ

2௞ାଵ
			

ൌ 2௞ cos
ߠ
2
cos

ߠ
4
…	cos

ߠ
2௞

ൈ 2 cos
ߠ

2௞ାଵ
sin

ߠ
2௞ାଵ

	

ൌ 2௞ cos
ߠ
2
cos

ߠ
4
…	cos

ߠ
2௞

ൈ sin
ߠ
2௞
	ሺdouble angle formulaሻ	

ൌ sin 	ሺif the assumption is trueሻ		ߠ

ൌ  ܵܪܮ

∴ If it is true for ݊ ൌ ݇ ൅ 1,	if it is true for ݊ ൌ ݇ 

Since it is also true for ݊ ൌ 1, then it is true for positive integer of ݊	by 

Mathematical Induction. 

 

3 

3 mark 
  correct solution. 
2 mark 
  Completes all of the 
conditions below. 
 1 mark 
  Completes one of the 
conditions below. 
 
Conditions: 
(A) Tests for ݊ ൌ 1, 
and writes the correct 
assumption 
(B) Shows the use of 
the assumption in a 
correct expression of  
݊ ൌ ݇ ൅ 1 
 

14b(iii) 

lim
௡→ஶ

ቌ
sin ቀ

ߠ
2௡ቁ

ߠ
ൈ 2௡ቍ ൌ lim

௡→ஶ
ቌ
sin ቀ

ߠ
2௡ቁ

ቀ 2௡ቁߠ
ቍ

if	݊ → ∞,  
ఏ

ଶ೙
→ 0,	so 

ఏ

ଶ೙
	is	a	very	small	angle	

lim
௡→ஶ

ቌ
sin ቀ

ߠ
2௡ቁ

ቀ 2௡ቁߠ
ቍ ൌ lim

൬
ఏ
ଶ೙൰→଴

ቌ
sin ቀ

ߠ
2௡ቁ

ቀ 2௡ቁߠ
ቍ ൌ 1 

 

 

1 

1 mark 
  Correct proof and 

must explain 
ఏ

ଶ೙
 is a 

small angle. 
 



 Solutions Mks Comments 
14b(iv) Using the expression in part (ii), divide both side by ߠ 

sin ߠ
ߠ

ൌ 2௡ cos
ߠ
2
cos

ߠ
4
…	cos

ߠ
2௡
		
sin

ߠ
2௡
ߠ

 

݊	ݏܣ → ∞, ans using (iii) 

lim
௡→ஶ

൬
sin ߠ
ߠ

൰ ൌ lim
௡→ஶ

ቌcos
ߠ
2
cos

ߠ
4
…	cos

ߠ
2௡
		
sin

ߠ
2௡
ߠ

ൈ 2௡ቍ	

sin ߠ
ߠ

ൌ cos
ߠ
2
cos

ߠ
4
……ൈ 1 

 

By substituting		ߠ ൌ
ߨ
2
	 

sin
ߨ
2	

ߨ
2	

ൌ cos
ቀ2ߨቁ	

2
cos

ቀ2ߨቁ

4
cos

ቀ2ߨቁ

8
…	 

2
ߨ
ൌ cos

ߨ
4
cos

ߨ
8
cos

ߨ
16

… 

 

3 

3 mark 
  correct solution 
2 mark 
  Completes two of the 
conditions below. 
 1 mark 
  Completes one of the 
conditions below. 
 
Conditions: 
(A) Uses ߠ ൌ

గ

ଶ
  

(B) Manipulates 
expression to use the 
limit in (iii) 
(C) Uses (ii) and 
divides both sides by ߠ
 

14b(v) 
cos

ߨ
4
ൌ
√2
2

 

we know: cos ܣ2 ൌ 2 cosଶ ܣ െ 1 
 

cos ܣ ൌ ඨ
cos ܣ2 ൅ 1

2
 

cos
ߨ
8
ൌ ඨcos

ߨ
4 ൅ 1

2
 

 

ൌ
ඩ
√2
2 ൅ 1

2
	

ൌ ඨ√2 ൅ 2
4

	

ൌ
ඥ√2 ൅ 2

2
 

 

cos
ߨ
16

ൌ ඨcos
ߨ
8 ൅ 1

2

ൌ
ඩ
ඥ√2 ൅ 2

2 ൅ 1

2
	

ൌ ඨඥ√2 ൅ 2 ൅ 2
4

	

ൌ
ටඥ√2 ൅ 2 ൅ 2

2
 

 

 

∴
ߨ
2
ൌ

2

√2
ൈ

2

ඥ√2 ൅ 2
2

ൈ
2

ටඥ√2 ൅ 2 ൅ 2

…… 

∴ ߨ ൌ 2

ۉ

ۇ 2

√2
ൈ

2

ඥ√2 ൅ 2
2

ൈ
2

ටඥ√2 ൅ 2 ൅ 2

……

ی

 ۊ

2 

2 mark 
  correct solution, 
showing upto cos

గ

଼
. 

1 mark 
  Finds the exact value 
of cos

గ

ସ
 and attempt to 

use the double angle to 
find cos

గ

଼
 

  

 


